Abstract. This paper concerns projectively Anosov flows ϕ t with smooth stable and unstable foliations F s and F u on a Seifert fibered 3-manifold M over a hyperbolic orbifold. We show that if the foliations F s and F u do not have compact leaves, then after changing the parameter, ϕ t is differentiably isotopic to a quasi-Fuchsian flow lifted to a finite cover.
Introduction and the statement of the result
This definition was given in [7] , where Eliashberg and Thurston called it a conformally Anosov flow. The same flow was investigated by Mitsumatsu [19] (see also [20] ) and was called a projectively Anosov flow.
The invariant line bundlesÊ u andÊ s give rise to the invariant plane fields E u and E s over M . As is remarked in [7] , the plane fields E u and E s are continuous and integrable, but frequently they are not uniquely integrable. It is, however, interesting to investigate the case where the plane fields E u and E s are smooth,
and then E u and E s determine codimension 1 smooth foliations F u and F s of M .
In this case, we call the projectively Anosov flow regular.
There are a large variety of the Anosov flows with stable and unstable foliations of class C 1 but not C 2 . On the other hand, the Anosov flows with smooth (at least C 3 ) stable and unstable foliations (regular Anosov flows) are classified by Ghys ([12] , [13] ). Up to finite cover and parameter change, they are either isotopic to the suspension flow of the Anosov diffeomorphisms of the torus or to the quasiFuchsian flows on the Seifert fibered 3-manifolds over hyperbolic orbifolds. These are the most important examples of regular projectively Anosov flows.
For a regular projectively Anosov flow, the smooth foliations F u and F s may have compact leaves which are tori ( [7] ). In [20] , Noda investigated the regular projectively Anosov flows with compact leaves, and he also gave the classification of those flows with compact leaves on torus bundles over the circle.
In this paper, we look at regular projectively Anosov flows without compact leaves on the Seifert fibered 3-manifolds over hyperbolic orbifolds, and show that they are in fact the Anosov flows (quasi-Fuchsian flows). More precisely, we show the following theorem.
Theorem 1.1. Let ϕ t be a regular projectively Anosov flow on a Seifert fibered 3-manifold M over a hyperbolic orbifold. Assume that the unstable foliation F u and the stable foliation F s do not have compact leaves. Then after changing the parameter of the flow, ϕ t is differentiably isotopic to a quasi-Fuchsian flow lifted to a finite cover.
Noda showed in [21] that a Seifert fibered 3-manifold over a hyperbolic orbifold does not admit regular projectively Anosov flows with compact leaves in the unstable foliation F u or the stable foliation F s . Hence the above theorem gives the classification of regular projectively Anosov flows on a Seifert fibered 3-manifold.
Note that Barbot ([1] ) classified the Anosov flows (which are not necessarily regular) on a large family of graph manifolds including Seifert fibered 3-manifold M over a hyperbolic orbifold.
Note also that Theorem 1.1 for the regular projectively Anosov flows without compact leaves on the unit tangent bundle of a closed hyperbolic surface was shown in [22] .
By the assumption of our theorem that the foliations F u and F s do not have compact leaves, the theorems of Thurston ([24] ), Levitt ([16] ), Eisenbud-HirschNeumann ( [6] ), Matsumoto ([17] ) and Brittenham ([2] ) assert that each foliation To show our results, we first look at the leaf spaces Q u and Q s of the lifted foliations F u and F s and the orbit space of the lifted flow ϕ t on the universal covering space M together with the action of the fundamental group π 1 (M ). This procedure is the same as in [22] , and the orbit foliation ϕ of M is again shown to be Hausdorff. The Hausdorffness follows from two facts, namely, that the flow is projectively Anosov and that the lifted foliations F u and F s are product foliations.
We review it in Section 2. In the recent paper [18] , it is also shown that without the assumption of being projectively Anosov, the transverse intersection of F u and F s of the unit tangent bundle of the hyperbolic surface is not unique and the orbit foliation ϕ of M is not Hausdorff.
To proceed further, we need to know the topology of the leaves of F u and F s .
We show in Section 3 that each leaf of F u or F s is homeomorphic either to a plane or to a cylinder. By a simple argument of Poincaré-Hopf type, this follows from the fact that the lifted flow on each lifted leaf is Hausdorff.
The information on the topology of the leaves of smooth foliations has a remarkable consequence by the unpublished famous work by Duminy [5] (announced in [15] , a proof is given by Cantwell-Conlon [3] In Section 7, we construct an action on the circle of the fundamental group of the base 2-orbifold of the Seifert fibered 3-manifold. The fact that the flow is projectively Anosov implies that the action on the circle is as is described by Barbot [1] , that is, this induces a convergence group action on the circle. Using the results of Tukia [27] , Casson-Jungreis [4] or Gabai [10] as in [1] , the action is shown to be topologically conjugate to a Fuchsian action in Section 8.
In Section 9, we use these result to show our main theorem. We consider the juxtaposition map of projections;
The map p to the plane is a π 1 (M ) equivariant submersion and it determines the structure of the orbit foliation ϕ of the flow ϕ t .
The problem we need to treat first is to know whether the orbit foliation ϕ of the lifted flow on M is Hausdorff. We have the following proposition ( [22] ) which we also include the proof. Take a Riemannian metric on M adapted for the projectively Anosov flow ϕ.
We lift it to the universal covering space M . We look at the intersections x i , x i of the orbit i and the bi-foliated rectangles T , T . We may assume that ϕ t i (x i ) = x i for positive t i . Then we see that t i → ∞ as i → ∞. This implies that
Thus this ratio tends to the infinity as i → ∞.
This ratio can also be calculated as the ratio of the derivatives of the holonomies 
for x u ∈ Q u is either empty or homeomorphic to the real line.
Poincare-Hopf type invariant
First we review an invariant for the immersed curves on a foliated surface, which should have been well known. We have the following well known lemma. 
Since γ 1 is tangent or transverse to ϕ, N R ϕ (γ 1 ) = 0. This contradicts that
When we look at a flow on a 3-manifold tangent to an oriented foliation, this invariant should play an essential role. In fact the above proposition has the following corollary. Now we cite the theorem of Duminy [5] (announced in [15] , a proof is given by 
Theorem 3.4 (Duminy
Anosov, p is a fibration to the image by Lemma 2.2.
Now the transverse structure of the foliations and the flow is given by the diagonal
The fundamental group π 1 (M ) has the center Z whose generator is represented by the general fiber of the Seifert fibration. Since the foliations F u and F s can be isotoped to be transverse to the general fiber, the generator of the center acts by a non trivial translation on the leaf space Q u as well as on the leaf space Q s . We fix a generator c of the center Z and fix the transverse orientations of F u and F s so that the action of the generator c of Z is the translation by 1 on Q u and on Q s .
Then using Lemma 2.2 and Corollary 3.5, we see the following lemmas.
is non empty and homeomorphic to the real line.
Proof. The statements (i) and (ii) follow from the first part of Lemma 2.2 and the fact that the center acts as non trivial translations on Q u and on Q s .
The statement (iii), which is a kind of convexity property, is shown as follows.
By the invariance under the action of the center, (x This implies that each leaf is a covering associated to a subgroup containing the commutator subgroup of the base space, and hence has nontrivial genus. This contradicts Corollary 3.5.
Closed orbits
We look at the closed orbits of our regular projectively Anosov flows. The existence of a closed orbit gives a lot of restrictions on the shape of the orbit space. 
Proof. If there is a closed orbit γ of ϕ, then by taking a suitable lift γ ⊂ M ,
If the germ of the action of 
is an accumulation point of the fixed point set of the action of [γ] on Q u and we can find a desired
In a similar way, we can take consequences of the unrealizable case where there are two closed orbit on a leaf.
We have the following technical lemma. Thus we obtain the following lemma. 
The cylindrical leaves L u and L s containing γ do not contain other closed orbits.
Proof. We proceed as in the proof of Lemma 5. There are periodic homeomorphisms f + :
where periodic means f ± (x + 1) = f ± (x) + 1. 
Cylindrical leaves without closed orbits
Assume that a cylindrical leaf 
(ii) 
, where c denotes the generator of the center Z of π 1 (M ). Then P can be lifted to M , and in M it defines an immersed torus transverse to the flow. By modifying the immersed transverse torus as in Fried [9] , Figure 6 . Cylindrical leaves without closed orbits.
we obtain an oriented embedded surface transverse to the flow. Then the following holds. 
Let σ be a simple closed transverse curve for the orbits on
L u . Then p( L u ) = ({p u ( L u )} × Q s ) ∩ p( M ) = {p u ( L u )} × (f − −1 (p u ( L u )), f + (p u ( L u ))). For integers m, (f − f + ) m (p u ( L u ))(f + f − ) m f + (p u ( L u ))(f − f + ) k (x u ) = x u + 1 and (f + f − ) k (x s ) = x s + 1.
Conjugate actions on the circle
By Propositions 5.5 and 6.3, we know of the shape of
is, we always have periodic homeomorphisms f + :
Moreover there is an integer k such that
) by the action of α ∈ π 1 (M ), we have the following equality:
Hence we have
Then we see that the action of α on Q u commutes with f − f + and the action of α on Q s commutes with f + f − .
Now we look at the circles obtained from Q u and Q s by identifying by the
denote them. The graphs of f + and f − are identified to give rise to a graph of a
for which the graph of f is invariant subset. Note that this action factors through the orbifold fundamental group π We arrived at the delicate point that f − f + and f + f − may not be differentiable.
They are topological translations whose k-th powers are the translation by 1. The argument by Ghys [13] on the projective structure on the general fiber of the Siefert fibered 3-manifold asserts thet infact they are differentiable. See Section 9.
Convergence group action
A convergence group is a subgroup G of the group of orientation preserving homeomorphisms of the circle with the following property: For any infinite sequence For our case, we have a little easier criterion to be a convergence group which is found in [1] . (i) All orbits are dense.
(ii) Any element g of G has at most 2 fixed points and if g has 2 fixed point, one is attracting and the other is repelling.
(iii) The isotropy subgroup of a point is either trivial or cyclic.
We are going to show that the image of π 1 (M ) in Homeo(S Proof. Let k be the integer such that Since the Fuchsian group action is determined by the base orbifold Σ of the Seifert fibered 3-manifold, it cannot have the parabolic element whose action was drawn in Figure 7 .
Lemma 8.2. If the action of an element
α of π 1 (M ) has a fixed point [x u ] ∈ Q u /(f − f + ) = S 1 u , then f ([x u ]) ∈ Q s /(f + f − ) = S(f − f + ) k (x u ) = x u + 1. If there is a fixed point [x u ] ∈ Q u /(f − f + ) = S 1 u ,
Proof of the main theorem
Let Σ be a hyperbolic orbifold with the hyperbolic structure g 0 . We have the Anosov geodesic flow on the unit tangent bundle T 1 Σ of the orbifold Σ. The stable foliation and the unstable foliation for the Anosov geodesic flow are both defined by the holonomy homomorphism which is a Fuchsian group representation:
Note that the holonomy homomorphisms for the stable foliation and for the unsta- 
